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We investigate space-time supersymmetry of the model of multiple M2- 
branes proposed by Bagger-Lambert and Gustavsson. When there is a 
central element in Lie 3-algebra, the model possesses an extra symmetry 
J^j ' shifting the fermions in the central element. Together with the original 

worldvolume supersymmetry transformation, we construct major part of 
the eleven dimensional space-time super-Poincare algebra with central ex- 
tensions. Implications to transverse five-branes in the matrix model for 
M-theory are also discussed. 
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1 Introduction 



Bagger, Lambert [TJ [2j [3] and Gustavsson [U |5] discovered an interesting model 
for multiple M2-branes (which we will call BLG model in the following) based 
on an algebraic structure called Lie 3-algebra. Since membranes are expected 
to be the fundamental building blocks of M-theory, it is intriguing to ask how 
much does the BLG model know about M-theory. Important information of 
M-theory is contained in the structure of the eleven dimensional space-time 
superalgebra, or "M-theory superalgebra" [6]. The BLG model is not space-time 
supersymmetric, at least manifestly. However, since fundamental membrane 
action is expected to have space-time super symmetry, we may hope that the 
BLG model can be related to a gauge-fixed form of some manifestly space-time 
supersymmetric formulation. 

In this paper we show that the most part of the eleven dimensional space- 
time super-Poincare algebra with central extensions can actually be constructed 
from the BLG model, and indeed it captures important aspects of M-theory; 
namely charges of BPS branes. One of the crucial ingredients in constructing the 
space-time superalgebra is an existence of a central element in the Lie 3-algebra 
which the BLG model is based on. The shift of bosonic as well as fermionic 
fields in this central element are symmetries of the BLG model. The shift of 
the bosonic fields corresponds to translations in space-time, whereas the shift 
in the fermionic fields represents non-linearly realized part of the space-time 
super-Poincare algebra. 

Similar discussions on the worldvolume supersymmetry algebra of the BLG 
model which is identified with the linearly realized part of the space-time su- 
persymmetry can be found in a recent paper [7j. We extend the results by 
including configurations which take values in non-trace elements (trace ele- 
ments and non-trace elements are defined in section 12. 1[) and obtained more 
central charges which provide necessary pieces of the M-theory superalgebra. 
The algebra and the central charges which arise by including the fermionic shift 
symmetry are our new results. One of our main interests is on the charge of 
the five-brane constructed in [8, 9j, and they are obtained only by including the 
fermionic shift symmetry in the algebra. Five-brane charges are of particular 
interests because in the matrix model for M-theory [10] transverse five-branes 
are not seen in the superalgebra 

Space-time superalgebra of a deformed BLG model without central exten- 
sions was constructed in |12j . Other aspects of BPS configurations for the 
worldvolume supersymmetry of the BLG model were studied in \13 \ \li \ \TE\. 

2 Space-time superalgebra from multiple membranes 
2.1 The Bagger-Lambert-Gustavsson model 

The Bagger- Lambert action which was proposed as a description for multiple 
M2-branes [2] (see also [H El El [5]) has M = 8 worldvolume supersymmetry. 
Furthermore, it has a novel gauge symmetry based on an algebraic structure 
called Lie 3-algebra [16]. For a linear space V = X^a™ V v aT a ; v a G C, Lie 
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3-algebra structure is denned by a multi-linear map which we call 3-bracket 
[*, * 3 *] : V® 3 — > V satisfying following properties: 

1. Skew-symmetry: 

[4,(1), 4,(2), 4,(3)] = (-i)I ct I[Ai,a 2 ,4]- (2.1) 

2. Fundamental identity: 

[A 1 ,A 2 ,[B l ,B 2 ,B 3 \] 
= pi, A 2 , B 1 ],B 2 , B 3 ] + [A X ,A 2 , B 2 ],B 3 ] + [5 X , fl 2 , [4, A 2 , B 3 }]. 

(2.2) 

A linear space endowed with a Lie 3-algebra structure will be called Lie 3- 
algebra and typically denoted as A in this paper. In terms of the basis T a , Lie 
3-algebra can be expressed in terms of the structure constants f abc d'- 

[T a ,T b ,T c ] = f abc d T d . (2.3) 

An element T a G A is called a center if [T a ,T b ,T c ] = 0,VT b ,T c G A, and 
jafec^ = o in this case. To construct the action, we will also need an inner 
product in Lie 3-algebra. We assume the structure V = Vtr © Vntr, where 
elements in Vtr have inner product and elements in V n t r do not. We will refer 
to the elements in Vtr as trace elements, and elements in V n tr as non-trace 
elements. By definition, elements T a 7 T b £ Vtr have inner product (*, *): Vtr <8> 
Vtr C: 

(T a ,T b ) = h ab . (2.4) 

We will call h ab as metric of Lie 3-algebra. We require following invariance of 
the inner product which is important for the gauge invariance of the Bagger- 
Lambert action: 

([T a ,T b ,T c ],T d ) + (T c , [T a ,T b ,T d ]} = 0. (2.5) 

Together with the skew-symmetry property (|2.ip . the invariance of the metric 
(|2.5p requires the indices of structure constants f abcd = f abc e h ed to be totally 
anti-symmetric: 

jabcd _ j \abcd] ^2 g^j 

Remember that (|2.6p is guaranteed only for trace elements with invariant met- 
ric. Inner product and metric are not defined for non-trace elements. Never- 
theless, the 3-bracket can map non-trace elements to a trace element. These 
non-trace elements will play important role in this paper. For more about Lie 
3-algebra in the BLG model, see e.g. HH [HI HH1 [20l El [221 E31 EH H5] . 
The Bagger-Lambert action is given by [2] 



S = d A x C, (2.7) 
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where the Lagrangian density C is given by 

c = —(irx^DpX 1 ) + -(tf,™^) + l<*,r /l7 [x J , x J ,*]) 

-V(X)+£ C5 . (2.8) 

-X'' £ VjJl] is a scalar field on the worldvolume and / is a SO (8) vector index. 
^ £ Vtr are Major ana spinors on 1 + 2 dimensional worldvolume, but can be 
combined into a single Majorana spinor in eleven dimensions subject to the 
chirality condition T^f = — \P, T = Toi2- Notations for gamma matrices are 
summarized in the appendix. is the covariant derivative 

(D ll X I (x)) a = d ll Xi(x)-A lt b a (x)x£(x), Aj> a ^A^ lcd f cdb a , (2.9) 

where A^ is a worldvolume gauge field. V(X) is the potential 

V(X) = ^([X I ,X J ,X K ], [X^X^X*]). (2.10) 

The Chern-Simons term for the gauge potential is given by 

C CS - \^ (!^A Mi + \l^A M ^ . ,2,1) 

The Bagger-Lambert action is invariant under the following gauge transforma- 
tion: 

= ^cd[T c \T , X ! ] a = K cd f cde a Xl = A e a X^, 
5 A V a = A cd [T c ,T d ,*] a = A cd f de a y e = A e a y e , 
M/a = - A b c Af a + VcA C a, ~A\ = f cdb a A cd . (2.12) 

The fundamental identity (|2.2p leads to 

<5 A [*(1), *(2), $(3)] = A cd [T c , T d , [$(1), $(2), $(3)]], (2.13) 

where $'s collectively represent X and ^. The metric is not involved in reach- 
ing (|2.13p and this formula applies to both trace elements and non-trace ele- 
ments. On the other hand, the invariance of the metric (12. 5h leads to 

5 A (Y,Z) = A ab (([T a ,T b ,Y},Z) + (Y,[T a ,T b ,Z})^ =0. (2.14) 

for any trace elements Y, Z which transform as 5aY = A cd [T c , T d , Y], S\Z = 
A cd [T c ,T d ,Z]. (I2TT3D and (I2TT4D can be used to show the gauge invariance of 
the Bagger- Lambert action. 

1 Later we will relax this condition slightly and allow constant backgrounds X 1 to take 
values in non-trace elements. 
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2.2 Worldvolume supersymmetry of the BLG model 

The Bagger-Lambert action is invariant under the following supersymmetry 
transformations!! 

5 e Xi = ieF^a, 

8 e * a = DpK I a Ti i T I e-\xlxiX$f bcd a T IJK ti, 

b 

8 e A* a = ieT^X^af^a, (2.15) 

where the supersymmetry parameter satisfies Te = e. The charge density, i.e. 
the temporal component of the Noether current associated with the supersym- 
metry transformation (|2.15|) . is found to be 

q L = ^T^j^iD^x 1 , *) - ir 7J ^r°([x 7 , x\ x K },^), (2.16) 

and the Noether charge is 

Q L = [ d 2 xq L . (2.17) 



The suffix L indicates that it is identified with the linearly realized part of the 
space-time supersymmetry. 

In this paper we will often be interested in central charges which are pro- 
portional to the volume of the membranes, which can be infinite for infinitely 
extended membranes. A standard way to avoid infinities associated with such 
infinite volume arising from the (anti-)commutation relations of Noether charges 
is to use charge density. In the following, it is understood that the fermions 
\E' are set to zero after calculating the Dirac bracket, since we are interested in 
bosonic backgrounds. The Dirac bracket of q L and Q L is calculated to be 

i{q L ,Q L } D = Tp^T+VC 

+ zjjT ij C + z oijIJ T^ IJ C 

+ z 0lIJKL T mjKL C + ZjIJ kl^ ijkl C 

+ z 0I j KL T 0IJKL C + z tjIJKL T^ IJKL C, (2.18) 



where 



zu = \ {-e 0i i{D l X I ,D J X J ) + (D X K , [X K ,X* ,X J ])) , (2.19) 



z 0ijIJ 



\ ((DiX^DjX') - \e\(D Q X K , [X K ,X* ,X J ])^j , (2.20) 



zoiUKL = \iDiX 1 , [X J ,X K ,X L ]}, (2.21) 



2 See [26] for a M = 1 superfield formalism. 



4 



zujKL = --e^iiDjX 1 , [X J ,X K ,X L ]), (2.22) 
zoijkl = -\{[X M X ,X J ],[X M ,X K ,X L }), (2.23) 

z ijIJKL = -±e° ij ([X M ,X I ,X J ],[X M ,X K ,X L }). (2.24) 

In the above, anti-symmetrization of the space-time indices is understood. And 
r_|- = (1 db r)/2. This projection arises from the chirality of the supercharges: 
TQ L = Q L . In the second, the third and the fourth lines of (|2,18|) . two terms 
in the same line arise from two different Gamma matrices in the projection 
r + = (1 + r)/2. The bosonic part of the Hamiltonian density is given by 

H = Po = \{D Q X\ DqX 1 ) + ^(DiX 1 , DiX 1 ) + V(X), (2.25) 

and the momentum density is given by 

p i = (D X I ,D l X I ). (2.26) 

We refer to the appendix for details. These central charges have been discussed 
in [TjH the combination of the central charges (|2.19j) and (12.20P was found 
to be the charge of vortices, and identified with M2-branes intersecting with 
the multiple M2-branes. The combination of the central charges (|2.2ip and 
(|2.22p was found to be the charge of Basu-Harvey solution [27] which had been 
identified with M2-branes ending on M5-branes. Readers interested in further 
discussions are advised to consult [7J. 

The central charges (|2.23|) and (|2.24p vanish if we only consider trace el- 
ements in the Lie 3-algebra due to the total anti-symmetry of the indices 
I,J,K,L and the fundamental identity (|2.2p . However, we would like to take 
into account constant background configurations of X s which take values in 
non-trace elements. As long as they give trace elements after putting into the 
3-brackets in the Bagger-Lambert action, the action is still well-defined and 
gauge invariant, provided the fluctuations around the background are still re- 
stricted to trace elements0 This kind of configurations give rise to BPS brane 
charges. For example, in the case when the Bagger-Lambert action reduces to 
D2-brane action by giving expectation value to the field Xq° in the notation of 
[22], (12331) and OfFM reduce to the form ~ trLY 7 , X J ][X K , X L ], where [*,*] is 
the commutator of matrices and tr is the trace for matrices, and the matrix size 
is to be taken to infinity!! This term is analogous to the D4-brane charge (as 

3 The expressions for the central charges look different just because we haven't used the 
equation of motions. 

4 Recall (|2.13[1 and (|2.14p . The configuration is gauge covariant, but the value of the action 
is invariant under gauge transformations with parameters taking values in trace elements. 

5 In this case, actually the commutator of X Iy s are still non-trace elements, and the central 
charge diverges. This is attributed to the infinite volume of indefinitely extended D6-branes 
discussed below. The charge density per D6-brane worldvolume is still finite. 
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well as the charges of the DO-branes within the D4-branes) in the matrix model 
for M-theory found in [11] , and one should keep this kind of terms in order to 
obtain all the BPS-brane charges in the model. In the current example, the 
action reduces to D2-branes instead of DO-branes for the matrix model, so the 
charge should be interpreted as D6-brane charge. This type of configuration is 
also crucial for the construction of the five-brane from the BLG model in [51 [9] 
and we will discuss this in section 12, 41 



2.3 Space-time superalgebra from the BLG model 

It has been noticed that the choice of Lie 3-algebra in the BLG model already 
contains the choice of space-time in which membranes are embedded [28, 29, 30J. 
This is not surprising if we recall the analogous situation in multiple D-brane 
worldvolume theory, where the gauge group contains information of space-time, 
e.g. orientifold for gauge group SO. In the BLG model, when there is a central 
element in the Lie 3-algebra there is a bosonic shift symmetry in this direction: 



5gX & = a (a : constant) 



-0 = a 1 (a 1 

5 a V a = Mm = 0, (2.27) 
as well as the fermionic shift symmetrjl^ 

5 v Xi = 5 v A^ a = 0. (2.28) 

We use index to denote the generator corresponding to the central element. 
In the following, we restrict ourselves to the case where the metric for this 
central element takes following form: 

With this metric, it is natural to identify Xq as the center of mass coordinate 
in the direction transverse to membranes up to normalization, and (|2.27[) is 
nothing but the translational symmetry in this direction. We further assume 
that there is only one such central element with metric of the form (12.29H in 
the Lie 3-algebra0 because it is strange if there are two sets of center of mass 
coordinates O In our setting, the Noether charge density associated with the 
transformation (|2.28|> is given by 

qNL = _ r o^ 0; (2.30) 

and the Noether charge is 

Q NL = [ d 2 xq NL , (2.31) 



6 The fermionic shift symmetry has been used in [9] to obtain the worldvolume supersym- 
metry of the five-brane action constructed from the BLG model. 

7 We allow other central elements with non-positive-definite metric [201 1211 [22] . 
8 Though it may work with some kind of gauging. 
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where the suffix NL indicates that it is identified with the non-linearly realized 
part of the space-time super symmetry. Note that Q NL has the same chirality 
with the worldvolume fermions ty, i.e. TQ NL = —Q NL , as opposed to Q . 

The BLG model is not space-time super-Poincare symmetric, at least man- 
ifestly. However, if we want to regard the model as a description of multiple 
M2-branes, it is natural to expect that it is a gauge fixed form of some space- 
time super symmetric and worldvolume reparametrization invariant formulation. 
In the case of single supermembrane, it has been shown that the space-time 
supersymmetry reduces to the worldvolume supersymmetry by static gauge 
fixing [311 E21 [33] • After the gauge fixing, the linearly realized part of the 
space-time supersymmetry becomes global supersymmetry on the worldvolume 
theory, whereas the Nambu-Goldstone modes for the non-linearly realized part 
of the space-time supersymmetry become fermion fields on the worldvolume 
[34j . In our case, fields can be thought of as Nambu-Goldstone fermions for 
non-linearly realized space-time supersymmetry. In the following we will show 
that the charge Q NL associated with the fermionic shift symmetry (12.280 al- 
most provides the non-linearly realized part of the space-time supersymmetry, 
though there is a missing piece as we will see shortly. 

The Dirac bracket of q NL and Q L are given as 

i{q NL ,Q L } D + i{q L ,Q NL }D 
= piF'C + \zuV u C + \z ljIJK T ijLJK C, (2.32) 

where 

PI = doX^ (2.33) 

is the momentum density in the direction transverse to the membranes. The 
central charge densities are found to be 

zu = 2d j X I Q E i i° , (2.34) 



ZijUK = --s^HX^X^X^Tq). (2.35) 

The central charge density (|2.34|) describes tilting multiple membranes. For 
example, let us consider the situation where XL is compactified on a circle 
with radius R 1 , and is compactified on a circle with radius r?. Then 

X* = -—xi (2.36) 

is a configuration of membranes which winds the i-th direction for n times 
and j-th direction for m times. This configuration gives topological winding 
numbers through the central charge density (12.340 . 

The central charge density (|2.35p vanishes when all X J, s in the 3-bracket 
take values in trace elements of the Lie 3-algebra, due to the definition of the 
central element and the invariance of the metric (|2.5p . This is not necessarily the 
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case if we consider constant configurations where X 's take values in non-trace 
elements. As long as we obtain a trace element after putting such X s into the 
3-bracket, the inner product in (|2.35|) is well-defined and gives a finite number. 
The Bagger- Lambert action is also well-defined for such configuration, provided 
it is regarded as a background^ fluctuations from the background should still 
be in the space of trace elements. To describe a five-brane in the BLG model 
based on Nambu-Poisson bracket [8j [9] , the background configuration is indeed 
given by such X Ij s taking values in non-trace elements, and (|2.35p gives the 
charge of the five-brane. We will come back to this point again in section 12.41 
The Dirac bracket of q NL and Q NL is given by 

i{q NL ,Q NL } D = r_r°c = ^^r°c. (2.37) 

The last expression in (|2.37p can be interpreted as a sum of the mass density 
and the charge density of the static multiple membranes. (The absence of such 
term in (|2.18p can be regarded as cancellation of mass and charge for the BPS 
configuration of membranes [35].) However, it does not contain contributions 
from excitations on the worldvolume to the energy nor the momentum in the 
world volume direction, which are required for making up the eleven dimensional 
super-Poincare algebra. Besides this point, we can construct full space-time 
supercharge density q and charge Q as follows: 

q = q L + 2VNq NL , (2.38) 

Q = Q L + 2VNQ NL . (2.39) 

Here, we have introduced a constant N which can be interpreted as "number" 
of membranes. The reason for this factor is as follows: Up to normalization 
Xq is interpreted as the center of mass coordinate in the transverse directions. 
To define the center of mass, we need to know the number of membranes. 
However, there's no definite rule for relating the dimension of a Lie 3-algebra 
and the number of membranes. In the case of the Lie 3-algebra constructed 
from ordinary Lie algebra in order to derive D2-brane action from the Bagger- 
Lambert action [20|, [2T| [22], the number of membranes should be equal to the 
number of D2-branes and determined from the rank of the Lie group, e.g. N for 
U (N) . We will discuss the case when Nambu-Poisson bracket is chosen as Lie 3- 
algebra in the next subsection. Since the number of membranes is decided case 
by case depending on the choice of Lie 3-algebra, we just denote this number 
as N. 

Finally, we obtain the eleven dimensional super-Poincare algebra with cen- 

9 Note that the covariant derivative (12. 9[) can be rewritten as D^X 1 — d^X 1 — 
c d[T c ,T d ,X 1 ]. 
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tral extensions: 



i{q,Q} D = 2(r°-r 12 )Civ + 2 P/1 r+TO + 2p / r / c\/jv 
+ ZiI r u cVN + zijUK^^cVN 

+ z u Y"C + z mjIJ Y^ IJ C 

+ Z m .JKLT mJKL C + Z jIJK LP IJKL C 

+ z 0I .j KL T 0IJKL C + z i3lJKL T^ IJKL C. (2.40) 

As mentioned above, the first term of (|2.40p is interpreted as coming form 
tension and charge per volume of iV membranes. From the kinetic term the 
relative normalization between Xq and the center of mass coordinate is read 
off as Xq = yNXg M , where X^ M is the center of mass coordinate. Then 
Pi^/N = pf' M 'N is the total momentum in the direction transverse to mem- 
branes, and N appears in an appropriate way for a number of membranes. 

Eq. (I2,40p is almost the eleven dimensional super-Poincare algebra, except 
that the piece 2p lJ T_T fJ, C is missing in the right hand side of (|2.40p . It is 
important that the piece 2pjT I C for the eleven dimensional super-Poincare 
algebra has been obtained. If we had a space-time supersymmetric formulation 
with worldvolume reparametrization invariance for multiple membrane action 
which reduces to the Bagger-Lambert action after gauge fixing, this would be 
understood as due to the static gauge and kappa symmetry gauge fixing. We 
hope to clarify this point in the future. Further speculations will be given in 
the last discussion section. 



2.4 On M5-brane charges in the BLG model 

An example of Lie 3-algebra is given by Nambu-Poisson bracket on an "internal" 
three-manifold. For simplicity, we take T 3 to be the internal three-manifold. For 
more about the use of Nambu-Poisson bracket in the BLG model, see |17t[8ll9]. 
We consider the Nambu-Poisson bracket on T 3 given by 

{/, 9, Mnp = E ^ fl£ '%f(y)du9(y)d x h(y). (2.41) 

fiuX 

Here y^ 1 (ft = 1,2,3) are flat coordinates on T 3 with the identification y^ ~ 
y^ + 2tt, and is a constant. The invariant inner product can be defined by 
the integral over T 3 : 

(f,g) = [ d 3 yf(y)g(y). (2.42) 

The trace elements of the Lie 3-algebra are given by square-integrable periodic 
functions on T 3 . If we denote the basis of such functions on T 3 as x a (y) 
(a = 1,2,3, •••), the Nambu-Poisson bracket can be written with structure 
constants: 

{x a ,X b ,X C hp = Y,f abC dX d - ( 2 - 43 ) 
d 
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Using the definition of the Nambu-Poisson bracket (|2.4ip , it is easy to check that 
the fundamental identity (|2.2p holds. We normalize the basis as (x a ,X b ) = & ab \ 
then the normalized central element is given as T® = 1/ \j (27r) 3 . 

We would like to consider the case where the target space is also compactified 
on a T 3 . By this we mean the identification in the central element: 

X\y) ~X I (y) + 2irR I , (2.44) 

for say 1 = 3,4, 5, where R 1 is the compactification radius in the 7-th direction. 
Now let us consider a background configuration 

X / = i? J m//, (i = I-2 (7 = 3,4,5). (2.45) 

The functions {(i = 1,2,3) are not periodic functions on T 3 : They have 
a jump at = 2ir. However, when the target space is also compactified as 
in (12. 441) . such jump can be set to null for the configuration (|2.45p due to the 
identification in the target space. In this case, it is natural to include these 
elements in the Lie 3- algebra. However, there is no natural way to define 
invariant inner product for these elements. For example, 

Jt 3 

+ -[ d 3 yl-{y\yi,y i } NP = n(2Tr) 3 . (2.46) 

This means that the integration over T 3 does not provide an invariant metric for 
these new elements. Therefore, these elements should be included as non-trace 
elements. In the Bagger-Lambert action, these X J, s in non-trace elements al- 
ways appear inside the Nambu-Poisson brackets; and the Nambu-Poisson brack- 
ets with such non-trace elements give trace elements, since the derivative inside 
the Nambu-Poisson bracket acting on gives a constant which is a trace ele- 
ment. As long as such configuration is regarded as a non-dynamical background 
independent of the worldvolume coordinates, the Bagger-Lambert action is still 
well-defined and gauge invariant. 

Now we come back to the issue of the "number of membranes" discussed 
in the previous subsection. In the current case where there is a natural notion 
of identity "1" in the elements and the metric is positive definite, it is natural 
to interpret the number we get when we put "1" into the inner product as the 
number of membranes. This is nothing but the volume of the internal manifold 
T 3 . Therefore we set N = (2vr) 3 . 

The background configuration (|2.45p contributes to the five-brane charge 
(12351) as 

z i3 UK^N = -^e IJK (2TT) 3 e lj nR 3 R^R 5 m 3 m i m 5 . (2.47) 

(|2.47p is interpreted as a charge of a five-brane wrapping the I-th direction for 
mj times. 
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Note that the potential term in the Bagger-Lambert action can be rewritten 

as 



V{X) 



1 




12 



1 



12 



-L W IJK £ W Zi . ijK _±_ w IJK w 



(2.48) 



where W IJK is a constant totally anti-symmetric tensor 
w ijk _ e iJK nR 3 R 4 R 5 m3mim5 _ 



(2.49) 



Therefore the static configuration (|2.45|) saturates the minimal energy bound 
for given winding numbers. 

Some time ago a matrix model was proposed as a description of M-theory 
|10j . and BPS branes in this model were analyzed from the central extension of 
the superalgebra [11J . It was found that the charge of transverse five-branes, 
i.e. five-branes transverse to the M-theory circle which relates M-theory to type 
IIA string, is absent in this model. This can be a problem if the model is the 
fundamental definition of M-theory, though the model may better be regarded 
as M-theory in a particular frame in which some information of the full M- 
theory has been dropped off. From our results for the M-theory superalgebra 
(|2.40p . we can draw a scenario for how such thing can happen in the BLG 
model: The action for the matrix model for M-theory is basically that of the 
large number of multiple DO-branes in type IIA string theory. From the Bagger- 
Lambert action, such action may be obtained by first reducing it to multiple 
D2-brane action [36] [2"U1 [2"Tj 122] . then wrapping D2-branes on T 2 , and then 
performing T-duality transformations in the T 2 directions. To obtain multiple 
D2-brane action from the Bagger-Lambert action, it is necessary to reduce Lie 
3-algebra to ordinary Lie algebra. This should be achieved by some background 
configuration in the BLG model which describes a compactification on the M- 
theory circle. However, by this background configuration the five-brane charges 
expressed using Lie 3-algebra in (I2.21D , (|2.22|) or f|2.35 j> must also reduce to the 
expression using ordinary Lie algebra. This should be interpreted as five-branes 
are also wrapping the circle direction. Thus when one obtains the matrix model 
for M-theory from the Bagger-Lambert action, transverse five-brane charges 
which uses Lie 3-algebra structure in an essential way, i.e. those which do not 
reduce to a form written with ordinary Lie algebra, necessarily drop out from 
the model. 

3 Summary and discussions 

In this paper we studied the space-time supersymmetry of the BLG model 
when there is a central element in the Lie 3-algebra, and obtained the eleven 
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dimensional super-Poincare algebra with central extensions, except the piece 
2p fJi T_T ll C . The first crucial ingredient in the construction of the space-time 
superalgebra was to include the fermionic shift symmetry associated with the 
central element in the Lie 3-algebra. This fermionic shift symmetry was iden- 
tified with the non-linearly realized part of the space-time supersymmetry. To- 
gether with the linearly realized worldvolume supersymmetry, it makes up the 
eleven dimensional super-Poincare algebra. The second important ingredient 
was to take into account the non-trace elements for constant background con- 
figurations. The central charges constructed from non-trace elements provide 
important pieces of the M-theory superalgebra. For example, the charge of the 
five-brane constructed in [8j [9] can only be constructed by taking into account 
such non-trace elements. 

Compared with the matrix model for M-theory which can be regarded as 
regularization of supermembrane action in the light-cone gauge [37], the BLG 
model lacks relation to a manifestly space-time supersymmetric formulation at 
this moment. Nevertheless, in this paper we could obtain the eleven dimensional 
super-Poincare algebra almost fully. This suggests the existence of a manifestly 
space-time supersymmetric formulation with worldvolume reparametrization 
invariance which reduces to the BLG model after gauge fixing. It will be very 
interesting to construct such manifestly space-time supersymmetric formulation 
for the BLG model, and understand why the piece 2p^T JF^C is missing in our 
algebra. In the case where the Lie 3-algebra is Nambu-Poisson bracket, it is 
likely that such manifestly space-time supersymmetric formulation is some co- 
variant formulation of single M5-brane worldvolume action in three-form field 
background rather than multiple M2-brane action: If we can find a way to relate 
such formulation to the five-brane action constructed from the Bagger-Lambert 
action in [9], we will be able to understand the origin of our super-Poincare 
algebra. An interesting worldvolume reparametrization invariant formulation 
of single M5-brane action which might be related to the BLG model was con- 
structed in [38], though only the bosonic part has been worked out. A worldvol- 
ume supergravity action which in a limit reduces to the Bagger-Lambert action 
was constructed in [39] . 

When the Lie 3-algebra does not have a central element, the fermionic shift 
symmetry is absent. In this case the space-time supersymmetry should be 
less compared with the flat space. This may be regarded as a supersymmetric 
counterpart of the absence of space-time translational symmetry in the orbifold 
interpretation of the model based on so-called A± algebra [281 ISHJ [30] . 

The BLG model is superconformal at the classical level, and expected to be 
so at the quantum level. The superconformal symmetry should correspond to 
the near horizon super-isometry in AdS-CFT correspondence, and this is one 
of the strongest motivations for studying this model. It will be interesting to 
construct central extension of the superconformal algebra explicitly in the BLG 
model. 
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Appendix 

A Notation for indices 



worldvolume coordinates 
spatial worldvolume coordinates 
transverse space coordinates 
all 11D coordinates 
Spinil, 10) spinor indices 
basis of Lie 3-algebra A 



H, v = 0,1,2 

*,J = 1,2 

I, J = 3, - - ,10 
m, n = 0, 1, ■ • • ,10 
a,0 = l,--- ,32 

a, b, ■ • • , dirndl 



(A.l) 



B Eleven dimensional Clifford algebra 

11D Gamma matrices 

{T m ,T n } = 2i nn (m,n = 0,1,- •• ,10). 



(B.l) 



We use mostly plus convention, i.e. 7?oo = — 1, Vmn = 5 mn (m,n / 0). The 
charge conjugation matrix C in eleven dimension satisfies 



•(r 



m\T 



c 1 



-C, C^C = 1. 



(B.2) 



pmim2-m r _ . . . prn, r ] 

= T mi r m2 • • • T mr (when all m s are different). 

= (otherwise). (B.3) 

r 1 ™ 2 '"" 1 ^ is a symmetric matrix for r = 1, 2, 5, 6, 9, 10. 

B.l Spin(l, 2) (8) Spin(S) decomposition 
We define 

r = r i 2 = ^%r„r p , (b.4) 

where e^ up is the totally anti-symmetric tensor with e 012 = 1. 

[r,r^ = o, {r,r / } = o. (b.5) 
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CT T = TC. (B.6) 

r ± -i±I. (B.7) 

Decomposition: 

r^ = 7 ^®7 9 , r^i®^, (b.8) 

where 7^'s are gamma matrices in (1+2)D and 7's are that of 8D, and 

79 = 7 3 ---7 10 . (B.9) 
If we choose the basis for the (1+2)D Clifford algebra as 

70 = ia 2 , 71 = (Ti, 72 = 0-3, (B.10) 

then 

r = r i 2 = i»79, (B.11) 

i.e. the chirality for T and 79 becomes the same. 

C Majorana spinors 

Majorana condition in 11D: 

m = c^> T . (C.l) 

Conjugate momentum (for kinetic terms the same to (|2.8p ) 

n* Q = \(^) a = l -(r 0T c-^) a . (c.2) 

Dirac bracket: 

{y a ,yp} D = -i[T„T°C) a p, (C.3) 

where here and in the following we suppress space coordinates and spinor indices 
when it is obvious. 

D Supercharge commutation relations 

q NL = _pQ^ 0) (D 1} 

q L = -{T I W,D Q X I )-{T I T T i V,DiX I ) 
14 



For any fields <E> in the BLG model, 

i{f) a Q^ L , $} D = 5„$, (D.3) 

i{e a Q a ,<f>} D = 5 e <f>. (DA) 

We obtain 

i{q^ L ^ Qf s}D = (r-C) ap . (D.5) 
Dirac brackets for super charges: 

i{q% L ,Q N p L } D = {T-T°C) ap , (D.6) 

i{q NL ,Q L }D+i{q L ,Q NL }D 
- ^ijdX^X^X^T^T^C. (D.7) 

This leads to (j23Tj) . 

- (DiX 1 , DjX J }e°'^T + T IJ C 

+ (DoX 1 , [X 1 ,X J ,X K ])T + T JK C 

+ -(D i X I ,[X J ,X K ,X L ])r + T 0iIJKL C 
3 

- i([x / ,x J ,x^],[x / ,x i ,x M ])r+r 0J ™ / c. (d.8) 

This leads to (IXTgD . 

The bosonic part of the energy-momentum tensor: 

= (D^X 1 , D.X 1 ) - Vltv (^(D p X r , DpX 1 ) + V(X)\ , (D.9) 

The bosonic part of the Hamiltonian density: 

n = ^P^P^+Y^l^X^D^ + ViX). (D.10) 

i=l,2 

The momentum densities: 

Po = n, p i = (D X I ,D l X I ), p I = d X I Q . (D.ll) 



15 



References 



J. Bagger and N. Lambert, "Modeling multiple M2's," 
\Phys. Rev. D75 (2007) 045020[|arXiv:hep-th/0611108| 

J. Bagger and N. Lambert, "Gauge Symmetry and Supersymmetry of 



Multiple M2-Branes," Phys. Rev. D77 (2008) 065008 



|arXiv: 07117095 5 [hep -th] 



[3] J. Bagger and N. Lambert, "Comments On Multiple M2-branes," 



JEEP 02 (2008) 105[ |arXiv: 0712 .3738 [hep-th] | 



[4] A. Gustavsson, "Algebraic structures on parallel M2-branes," 
|arXiv: 0709 .1260 [hep-th] [ 

[5] A. Gustavsson, "Selfdual strings and loop space Nahm equations," 



JEEP 04 (2008) 083, [arXiv: 0802 .3456 [hep-th] 



[6] P. K. Townsend, "P-brane democracy," |arXiv : hep-th/ 9507048 



[7] F. Passerini, "M2-Brane Superalgebra from Bagger-Lambert Theory," 
|arXiv: 0806 .0363 [hep-th] [ 



[8] P.-M. Ho and Y. Matsuo, "M5 from M2," arXiv : 0804 . 3629 [hep-th] 



[9] P.-M. Ho, Y. Imamura, Y. Matsuo, and S. Shiba, "M5-brane in 

three-form flux and multiple M2-branes," |arXiv: 0805. 2898 [hep-th] [ 

[10] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, "M theory as a 
matrix model: A conjecture," \Phys. Rev. D55 (1997) 5112-5128[ 
|arXiv : hep-th/9610043| 

[11] T. Banks, N. Seiberg, and S. H. Shenker, "Branes from matrices," 
\Nucl. Phys. B490 (1997) 91-106| |arXiv:hep-th/9612157| 

[12] J. Gomis, A. J. Salim, and F. Passerini, "Matrix Theory of Type IIB 
Plane Wave from Membranes," |arXiv: 0804. 2186 [hep-th] [ 

[13] K. Hosomichi, K.-M. Lee, and S. Lee, "Mass-Deformed Bagger-Lambert 
Theory and its BPS Objects," |arXiv: 0804 .2519 [hep-th] [ 

[14] I. Jeon, J. Kim, N. Kim, S.-W. Kim, and J.-H. Park, "Classification of the 
BPS states in Bagger-Lambert Theory," |arXiv: 0805. 3236 [hep-th] [ 

[15] C. Krishnan and C. Maccaferri, "Membranes on Calibrations," 
|arXiv: 0805 .3125 [hep-th] [ 

[16] V. T. Filippov, "n-Lie algebras," Sib. Mat. Zh. 26 No.6 (1985) 126140. 

[17] P.-M. Ho, R.-C. Hou, and Y. Matsuo, "Lie 3-Algebra and Multiple 



M2-branes," arXiv:0804.2110 [hep-th] 



16 



[18] G. Papadopoulos, "M2-branes, 3-Lie Algebras and Plucker relations," 



JEEP 05 (2008) 054, arXiv : 0804 . 2662 [hep-th] 



[19] J. P. Gauntlett and J. B. Gutowski, "Constraining Maximally 



Supersymmetric Membrane Actions," |arXiv: 0804 . 3078 [hep-th] 



[20] J. Gomis, G. Milanesi, and J. G. Russo, "Bagger-Lambert Theory for 



General Lie Algebras," arXiv : 0805 . 1012 [hep-th] 



[21] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni, and H. Verlinde, "N=8 
superconformal gauge theories and M2 branes," 
|arXiv: 0805. 1087 [hep-th] [ 

[22] P.-M. Ho, Y. Imamura, and Y. Matsuo, "M2 to D2 revisited," 
|arXiv: 0805. 1202 [hep-th] [ 

[23] H. Lin, "Kac-Moody Extensions of 3-Algebras and M2-branes," 
|arXiv: 0805 .4003 [hep-th] [ 

[24] J. Figueroa-O' Far rill, P. de Medeiros, and E. Mendez-Escobar, 

"Lorentzian Lie 3-algebras and their Bagger-Lambert moduli space," 
|arXiv : 0805 . 4363 [hep-th] [ 

[25] P. de Medeiros, J. Figueroa-0 'Far rill, and E. Mendez-Escobar, "Metric 
Lie 3-algebras in Bagger-Lambert theory," larXiv : 0806 . 3242 [hep-th] 



[26] A. Mauri and A. C. Petkou, "An N=l Superfield Action for M2 branes," 
|arXiv: 0806 .2270 [hep-th] [ 

[27] A. Basu and J. A. Harvey, "The M2-M5 brane system and a generalized 
Nahm's equation," \Nucl. Phys. B713 (2005) 136-150[ 



arXiv : hep-th/0412310 



[28] M. Van Raamsdonk, "Comments on the Bagger-Lambert theory and 



multiple M2- branes," JEEP 05 (2008) 105 



|arXiv: 0803 .3803 [hep-th] 



[29] N. Lambert and D. Tong, "Membranes on an Orbifold," 
|arXiv : 0804 .1114 [hep-th] 



[30] J. Distler, S. Mukhi, C. Papageorgakis, and M. Van Raamsdonk, 



"M2-branes on M-folds," 


JEEP 05 (2008) 038, 


arXiv: 0804. 1256 [hep-th] 





[31] A. Achucarro, J. M. Evans, P. K. Townsend, and D. L. Wiltshire, "Super 
p-Branes," \Phys. Lett. B198 (1987) lilj 

[32] E. Bergshoeff, E. Sezgin, and P. K. Townsend, "Properties of the 
Eleven-Dimensional Super Membrane Theory," 
\Ann. Phys. 185 (1988) 330| 



17 



[33] A. Achucarro, J. P. Gauntlett, K. Itoh, and P. K. Townsend, 

"World-volume super symmetry from space-time supersymmetry of the 
four dimensional supermembrane," \Nucl. Phys. B314 (19 89) 129, 

[34] J. Hughes and J. Polchinski, "Partially Broken Global Supersymmetry 
and the Superstring," \Nucl. Phys. B278 (1986) 147| 

[35] E. Witten and D. I. Olive, "Supersymmetry Algebras That Include 
Topological Charges," \Phys. Lett. B78 (1978) 97| 

[36] S. Mukhi and C. Papageorgakis, "M2 to D2," | JHEP 05 (2008) 085 
|arXiv: 0803 .3218 [hep-th][ 

[37] B. de Wit, J. Hoppe, and H. Nicolai, "On the quantum mechanics of 
supermembranes," \Nucl. Phys. B305 (1988) 545| 

[38] J.-H. Park and C. Sochichiu, "Single M5 to multiple M2: taking off the 
square root of Nambu-Goto action," arXiv : 0806 . 0335 [hep-th] . 

[39] E. A. Bergshoeff, M. de Roo, O. Hohm, and D. Roest, "Multiple 



Membranes from Gauged Supergravity," |arXiv:0806 . 2584 [hep-th] 



18 



